The non-interacting magnon gas description in ferromagnets breaks down at finite magnon density wherein momentum-conserving collisions between magnons become important. Observation of the collision-dominated regime, however, has been hampered by the lack of probes to access the energy and lengthscales characteristic of this regime. Here we identify a key signature of the collision-dominated hydrodynamic regime -a magnon sound mode -which governs dynamics at low frequencies and can be readily detected with recently-introduced spin qubit magnetometers. The magnon sound mode is manifested as an excitation of the longitudinal spin component with frequencies below the spin wave continuum in gapped ferromagnets. At sufficiently large frequencies, the sound mode is damped by viscous forces. The hydrodynamic sound mode, if detected, can lead to a new platform to explore hydrodynamic behavior in quantum materials.
Introduction -The presence of conservation laws can alter the dynamics and transport behavior of interacting quantum systems in dramatic ways. One such example is the recently observed hydrodynamic regime in graphene, wherein fast momentum-conserving collisions lead to viscous electron transport [1] [2] [3] [4] [5] [6] . Although vigorous efforts are currently underway in understanding hydrodynamic behavior in a variety of quantum systems, table-top realizations of the hydrodynamic regime, and probes to access them, are still rare.
Here we propose a new platform to study hydrodynamics, namely, an interacting magnon fluid, and an experimental protocol to detect hydrodynamic behavior using spin qubit magnetometers [7, 8] . In particular, we show that a magnon gas describing low-energy excitations in a ferromagnet can enter the hydrodynamic regime in a wide range of temperatures and frequencies. As we argue below, the description of large wavelength excitations in terms of ballistically-propagating magnons, or spin waves, relies on a vanishingly small magnon-magnon collisions which render relaxation processes at the bottom of the band very inefficient. However, as temperature increases and the thermal magnon population occupies larger momentum states, momentum conserving collisions give rise to a relaxation length which steeply decreases with temperature:
Here a is the lattice spacing, T is the temperature, J is the exchange coupling, z = e −µ/T is the magnon fugacity (µ: chemical potential), and λ ∼ 15 is a numerical prefactor which we estimate below. Although Eq.(1) was obtained for a two-dimensional ferromagnet and z 1, the results extrapolates accurately even to z ≈ 1 (the power of 1/T changes to 7/2 in 3D ferromagnets). For an intermediate temperature range such that Umklapp scattering can be neglected (T J), but large enough such that ξ L for some characteristic system length L, hydrodynamic behavior emerges. For instance, for a typical ferromagnet (J ∼ 100 meV, a ∼ 0.3 nm) at room temperature T ∼ 25 meV and z ≈ 1, the relaxation length ξ ∼ 100 nm is much smaller than a typical system size.
A key signature of momentum-conserving collisions is the existence of a sound mode. As shown in Fig.1 , the sound mode is manifested as an excitation of the longitudinal spin correlator, Ŝ zŜz , whereŜ z is related to the magnon density n via Ŝ z = S(1 − n). As a result, spin fluctuation measurements can provide clear-cut signatures of the sound mode, as shown below.
The hydrodynamic description described here differs from previous descriptions which assume momentum relaxation due to Umklapp scattering (T ≈ J) or due to disorder, as first described in the seminal work of Halperin and Hohenberg [9] . These momentum-relaxing effects give rise to diffusive particle and energy transport. Although a few authors [10] [11] [12] made the case for momentum-conserving hydrodynamic behavior in a magnon gas at the same time as Ref. [9] , no experimental signature of this regime has been observed to date. Arguably, the energy scales (∼meV) and wavevectors (∼ 1/a) accessible by neutron scattering, the most common probe of ferromagnets at the time, were too large to access the low frequency, long-wavelenth regime in which hydrodynamic sound modes live.
We argue that the conditions for the observation and study of sounds modes have already been met in a recent experiment by C. Du, et al. [13] . First, ultraclean ferromagnetic materials, such as Yttrium-Iron-Garnet (YIG), allow ballistic propagation of magnons in macroscopic scales without scattering by impurities. Second, independent control of temperature and chemical potential is now possible via a combination of heating and driving and, therefore, enables us to explore all possible regimes from non-interacting magnon gases to interacting magnon fluids. Finally, magnetic spectroscopy with spin qubits allows to access spin fluctuations at the energy and lengthscales relevant for the hydrodynamic sound mode. Besides spin waves [13, 14] , such probes have been successfully applied for imaging single spins [15] , and domain walls [16] , and to study electron transport in metals [17] . The have also been proposed to access the hydrodynamic regime in graphene [18] and one-dimensional systems [19] , to study magnon consensation [20] and magnetic monopoles in spin ice [21] , and to diagnose ground states in frustrated magnets [22] .
Before proceeding to the details of the model, we highlight features of the magnon fluid to distinguish it from its classical and electronic counterparts. First, the collision between magnons is strongly constrained by SU(2) symmetry, giving rise to a strongly momentum dependent magnon-magnon interaction [23, 24] , see Eq.(5). Second, rather than sound modes, electron fluids host plasmon modes because longitudinal charge fluctuations are mediated by long-ranged Coulomb interactions [25] . Third, contrary to classical and electron fluids where particles cannot be physically created or annhiliated, conservations laws are not as robust in a magnon fluid and, therefore, should be subject to scrutiny. In particular, magnon number is only conserved approximately due to, for instance, dipolar interactions. As we argue below, because collisions are mediated by exchange coupling J ∼ 100 meV, which is much larger than any other energy scale (or time scale) related to magnon leakage, there is a large window of frequencies were particle number remains conserved and, therefore, the sound mode is a well defined excitation.
Microscopic model -To make direct contact with experiments, we assume a thin film Heisenberg ferromagnet in the presence of an out-of-plane Zeeman field such that, in the temperature range of interest, the system is effectively a 2D magnetically ordered ferromagnet:
Here j labels the lattice site, jj denotes summation over nearest neighbors, and we take periodic boundary conditions in each spatial direction. We assume that the spin system has N lattice sites on a square lattice, each containing a spin S degree of freedom which satisfies the commutation relations [Ŝ z j ,Ŝ
y j the raising and lowering spin operators. The Zeeman term is essential to our discussion as it allows to separate the magnon continuum from the gapless sound mode. To leading order, it also allows us to neglect the dynamics of the order parameter. Although the latter can be introduced via emergent gauge fields [26] [27] [28] [29] 
Two magnon states |k, p =
2SŜ
+ kŜ + p |F , however, are not eigenstates ofĤ F [23, 24, 30] . Indeed, it is straightforward [31] to show that
such that one magnon states are coupled via the interaction g k,p,q . When incoming and outgoing magnons are close to the bottom of the band, and considering energy conservation, the collision term takes the form
. This characteristic (k · p) interaction, which arises from the global SU(2) symmetry, justifies why magnons propagate ballistically when |k| → 0.
We can now derive a continuum description of the interacting magnon fluid which captures all the features of the parent Hamiltonian (2), namely, momentum and magnon number conservation and the (k · p) dependence of the collision term. If the magnon density is small, na 2 1, we can describe the magnon fluid as a bose gas with kinetic energy ε k , Eq.(3), and the two-body interaction in Eq. (4) . Further, close to thermal equilibrium at T J, only small k vectors are occupied. As such, we expand the kinetic and interaction terms at low momenta,
where ε k ≈ ∆+k 2 /2m is the magnon kinetic energy, and m = 1/2JSa 2 is the magnon mass. Equation (5) is the starting point for our hydrodynamic theory.
Magnon hydrodynamics -When only magnons close to the bottom of the band are occupied, the scattering matrix elements for magnon collisions can be taken as a small parameter. As a result, a kinetic description of the magnon fluid is suitable, and all thermodynamic and transport coefficients can be computed to leading order in the interaction strength. Our starting point is the kinetic equation,
where n k = â † kâ k is the time-dependent average occupation number of state k, F is a fluctuating force, v k = k/m is the magnon velocity, and I k is the collision integral ( = 1):
is the transition matrix element, and ε i = ε k + ε p (ε f = ε k+q + ε p−q ) is the energy of the initial (final) state of the two-magnon collision. Equation (7) is valid because the thermal length ξ th = 1/ √ mT is much smaller than the relaxation length, ξ th /ξ ∼ (T /J) 2 1 [see Eq.(1)], such that collisions between magnons are independent and, therefore, phase interference effects can be ignored. The quantities of interest are the magnon density n, momentum density P α = nmu α , and thermal energy Θ = nθ, defined as
where
with thermodynamic potentials (T, z, w α ), with z defined z = e −µ/T . We stress again that z can be controlled independently of T in the presence of driving. The values of (n, u α , θ) in thermal equilibrium are given bȳ
Here
e y /z−1 , with Γ(ν) the Gamma function. In what follows, we will focus on an equilibrium distribution with w α = 0.
Fluctuations of the distribution function n k =n k +δn k lead to particle number, momentum, and energy currents, given by
respectively, with P αβ the pressure tensor, and q α the heat current. The continuity equation for each of the quantities
We estimate dissipation effects within the relaxation time approximation. This approximation allows to relate the nonequilibrium magnon density to gradients in
where τ k is a characteristic relaxation time defined as
As shown in the Supplement[31], the dimensionless function γ k (z) depends weakly on k and can be well approximated as γ(z) ≈ cz, with c ∼ 0.1. The relaxation length in Eq.(1) can be obtained from ξ = k th τ k th /m, where k th = 2T g 2 (z)/mg 1 (z) is the thermal momentum. Expressing δn k in terms of gradients of (n, u α , θ), assuming that they are small, and using cylindrical symmetry, allows us to write P αβ and q α as
In the case of a two-dimensional magnon gas with quadratic dispersion and collision rate of the form 1/τ k ∝ k 2 , we find [31] that, within the relaxation time approximation, dissipation is dominated by the viscous effects
T , whereas particle and energy diffusion are second order effects dominated, for instance, by deviation from quadratic dispersion; as such, we set q α → 0.
The sound mode becomes evident when computing response functions. Because we are interested in spin fluctuations, which are directly accessible with noise magnetometry, here we focus on longitudinal spin fluctuations as quantified by the retarded correlator which is equivalent to computing density fluctuation becauseŜ
In thermal equilibrium, the fluctuation amplitude can be computed from the response function due to an external force F , see Eq. (12) . With this objective in mind, we first linearize hydrodynamic equations around the equilibrium values, n(r, t) =n + δn(r, t), θ(r, t) =θ + δθ(r, t), and u α (r, t) = δu α (r, t) T /m, and go to momentum space:
(15) Here we defined δp = mδu as the longitudinal momentum which is coupled to δn and δθ, and gives rise to two propagating modes and one diffusive mode. The transverse momentum component, δp ⊥ , which does not couple to δn, gives rise to a diffusive mode, (ω + iµq 2 /n)δp ⊥ = iF ⊥ . From Eq. (15), it is straight-forward to compute the response function and derive the density-density correlator:
which exhibits a linearly dispersing sound mode:
The sound mode survives up to a temperature and chemical-potential-dependent frequency ω * , given by
above which it gets damped by viscous forces. Detection of the sound mode -We consider a spin-1/2 qubit with an intrinsic level splitting ω placed a distance d above the magnetic insulator. The combined dynamics of the qubit and ferromagnet is governed by the HamiltonianĤ =Ĥ F +Ĥ F−q +Ĥ q , whereĤ F was defined in Eq.(2), andĤ q is the spin qubit HamiltonianĤ q = 1 2 ωσ z with polarizing field assumed to be aligned in the z direction. The termĤ F−q is the qubit-ferromagnet coupling induced by dipolar interactions:
where r j = (x j , y j , −d) is the relative position between the i-th spin in the 2D lattice and probe. The relaxation time of the spin qubit can be obtained from Fermi Golden's rule[31]:
where {, } denotes anticommutation. Replacing Eq. (19) into Eq. (20) and using the fluctuation-dissipation theorem, the relaxation time can be expressed in terms of spin correlation functions:
where we denote χ αβ = −Im[χ αβ ], and χ Figure 1 shows the integrand of Eq. (21), and Fig.2 shows the spin relaxation time as a function of ω induced by longitudinal and transverse spin fluctuations (we assumed a constant magnon populationn and T ). The correlators χ ±∓ (q, ω) are related to single-magnon production/absorption, which we assume to be given by χ
2 (valid for z ∼ 1 and ω T ) is the imaginary part of the self-energy computed from the sunrise diagram, see inset of Fig.2 and details in [31] . We also note that, in Fig.2 , we normalize 1/T 1 with coth(ω/2T ) to capture the spectral contribution of spin fluctuations rather than its amplitude. Figure 2 is the main result of this work, and shows a clear fingerprint of the sound mode within the gap of the ferromagnet. Because of the distance dependence of the dipolar interaction introduced by the term |q| 2 e −2|q|d in Eq.(21), the frequency of the peak in Fig.2 depends on the inverse qubit-sample distance d.
Dipolar interactions -Dipolar interactions is one important mechanism of magnon decay via three-magnon processes, particularly in thin layers with a canted ferromagnetic order parameter. Assuming the steadystate distribution in Eq. (9), we can estimate the typical magnon decay time induced by a dipolar
This
3 ) ∼ MHz, several orders of magnitude smaller than the typical GHz frequencies that typical spin-qubit magnetometers can access. As a result, sound modes are expected to be well defined excitations in a wide range of frequencies, from MHz to several GHz.
Conclusion -Our predictions, which can be tested in current experiments using spin qubit magnetometers, provide distinct signatures of momentum conserving hydrodynamics in ferromagnets. Although the sound mode is its most distinctive feature, the strong momentum dependence of the magnon-magnon interaction suggests that ferromagnets can also host anomalous hydrodynamic behavior not achievable in classical and electron fluids.
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where τ labels the four nearest neighbor vectors. The spin operators in momentum space satisfy the commutation
Ferromagnetic ground state
The ferromagnetic ground states ofĤ is given by |F = | ↓↓ . . . ↓↓ such that all spins are pointing in theẑ-direction. The energy of the ferromagnetic ground state iŝ
Furthermore, the ground state satisfiesŜ − j |F = 0, andŜ z j |F = −S|F . In momentum space, these two relations becomeŜ
One magnon eigenstates
There is a total of N possible ways to do a single spin flip over the ferromagnetic ground state, S + i |F for i = 1, . . . , N , giving rise to a total of N one-magnon eigenstates. Single magnon eigenstates ofĤ are exactly given by |k =Ŝ + k |F . To show that this is the case, we note thatĤŜ
Using Eq.(S3), it can be shown thatR
As a result,
and, therefore, |k =Ŝ + k |F is an eigenstate of the Hamiltonian with energy ε k over the vacuum energy. Because k|p = δ k,p , the one magnon eigenstates |k =Ŝ + k |F are properly normalized.
Two magnon eigenstates
Spin wave theory assumes that M magnon eigenstates are superposition of M one-magnon eigenstates, for instance
for M k + M p = 2. Such a basis has several problems, even in the simplest case M = 2. First, the two-magnon basis in Eq.(S6) is overcomplete for S = 1/2. In particular, for S = 1/2, there is a total of N (N − 1)/2 ways to do two spin flips on the lattice, giving rise to N (N − 1)/2 two-magnon eigenstates ofĤ. However, there are in total N (N + 1)/2 ways in which k, p pairs of momenta can be chosen. Such problem does not arise for S > 1/2, as there is a total of N (N + 1)/2 ways to do two spin flips on the lattice. Secondly, the two-magnon basis in Eq.(S6) is neither orthogonal nor properly normalized. Indeed, the scalar product of two elements of the basis is given by
for S = 1/2, and
for S > 1/2. As a result, orthogonality and normalization of the two magnon basis (S6) is valid up to terms O(1/N ). Finally, and crucial for our discussion, the two-magnon basis (S6) is not an eigenstate of the Heisenberg Hamiltonian. In particular, the effect of actingĤ on a two magnon stateŜ
where we definedQ
Using Eq.(S3), we find that
where the first term on the right-hand side is the usual spin wave contribution which is diagonal on the two-magnon basis in Eq.(S6). The second term (Q pk ), however, creates two magnon states with momenta p + q and k − q, for all q. As a result, different two-magnon states are coupled by the matrix elements
where we evaluated the matrix elements at low momenta. Rather than dealing with the complications introduced by the two-magnon basis described above, it is possible to calculate exactly the two-magnon eigenstate and compute the matrix element in terms of single magnon eigenstates |k . This provides a minimal description of the interacting magnon fluid at small densities, na 
where ψ i,j = ψ j,i . In the case S = 1/2, we do not need to explicitly set ψ i,i = 0 becauseŜ + iŜ + i |F already gives 0. We look for eigenstates ofĤ, i.e.Ĥ|ψ = E|ψ . With this objective in mind, we actĤ on two spin operators,
where τ denotes summation over nearest neighbors. Projecting the results on F |Ŝ − lŜ − m gives rise to the eigenvalue equations
valid for m = l, and
valid for m = l. In Eq.(S15), δ l,m is 1 if l and m are nearest neighbors and 0 otherwise, and we substracted E F from E. Because of periodic boundary conditions, we can write ψ i,j in the center of mass frame as ψ i,j = e iK·R N q ψ K,q e iq·r , where K = k + p, q = (k − p)/2, R = (r i + r j )/2 and r = r i − r j , which gives rise to the eigenvalue equations
This is the two-magnon eigenvalue equation in the center of mass frame. The eigenstates of Eq.(S17) can be found using the S-matrix approach. We first note that the exact eigenstates can be labeled with the momenta of the incoming magnons, k = K/2 + q 0 and p = K/2 − q 0 . Under this picture, the matrix elements for two magnon scattering is given by
and 0 for momentum non-conserving processes. Singling out q 0 in Eq.(S17), the eigenstate equations for the remaining q vectors is given by
where we defined the quantities
and, for compactness, we removed the subindex K from all quantities. Equation (S19) can be written more conveniently as
where Λ q = p Γ qp ψ p satisfies the self-consistent equation
The exact solution for Λ k is
Using Λ q into Eq.(S21) results in the wavefunction in the center of mass frame:
Within the Born approximation, the wavefunction can be approximated as ψ q ≈ J N 1 λq Γ qq0 . Further, for small wavevectors of the incoming particles, we can approximate Γ qq0 ≈ a 2 (k · p). As a result, the exact two magnon eigenstates (at low momenta of incoming particles) can be interpreted as the scattering states of two spin waves coupled by the bare interaction of the form F |Ŝ 
B. RELAXATION TIME DUE TO EXCHANGE COUPLING
To estimate the typical relaxation time induced by the exchange interaction, we consider a magnon fluid at thermodynamic equilibrium and zero drift velocity,n k = 1/(z −1 e ε k /T − 1). Let us a assume that, at t = 0, a non-equilibrium distribution is formed with a bump at wavevector k, i.e. n p =n p +δn k δ k,p . The relaxation time for such a distribution is given by
The relaxation time at wavevector k = |k| can be expressed as
, after pulling the k vector out of the integral, normalizing energies with T , and momenta with √ 2mT . The dimensionless number γ k (z), plotted in Fig.S1 , has a weak dependence on k and scales approximately as ∝ z. Rather than keeping this uninteresting k dependence of γ k , here define an average γ of all k vectors and z values, γ(z)/z = 1 0
with c ∼ 0.1. In thermal equilibrium, the typical relaxation time for thermal magnons is given byτ = 
C. ESTIMATING TRANSPORT COEFFICIENTS FROM THE RELAXATION TIME APPROXIMATION
To compute the leading order corrections to P αβ and q α beyond the local equilibrium approximation, we need to determine δn k induced by gradients in n, u α , and θ. With this objective in mind, we replace n k =n k + δn k into Boltzmann equation (6) of the main text, and keep leading order terms in δn k :
Here we assumed that δn k n k , such that the leading order contributions on the left-hand is given by the derivatives (both space and time) ofn k . The right-hand side is already leading order in δn k because I(n k ) = 0 by definition of n k .
We begin the analysis by considering the left-hand side of Eq.(S26). We recall thatn k (n, u α , θ) is the local distribution function which depends implicitly on n, u α and θ via Eq.(10) of the main text. As such, computing the time and spatial derivatives ofn k leads to
where we denote ∂n k /∂x| y,z as the derivative ofn k with respect to x, leaving y and z constant. In Eq.(S28), we replace the time derivativesṅ,u α , andθ by the hydrodynamic equations (12) of the main text in the local equilibrium approximation, i.e. using P αβ = δ αβ nθ/m and q α = 0, and use the identity
The terms in brackets in Eq.(S28) are thermodynamic functions that depend on the local values of (T, z, w α ), and are given by
where the dimensionless coefficients h n,θ (z) andh n,θ (z) are given by
Let us now turn to the right-hand side of Eq.(S26). There are many schemes to calculate I[n k + δn k ]. The simplest approach is to use the relaxation time approximation. In this approximation, the collision integral is written as I[n k + δn k ] ≈ −δn k /τ k , where τ k is defined in Eq.(S46). Importantly, we keep the explicit dependence magnon wavevector. We note that Eq.(S46) was calculated using u α = 0, and remains to be valid in the regime u α < ∼ T /m [corrections to 1/τ k due to finite drift velocity are O(u 2 α )]. As a result, δf k becomes proportional to gradients in n, θ, and u α :
Using n k =n k + δn k in Eq.(11) of the main text, and integrating over k leads to
where only linear terms on ∂ α n, ∂ α θ, and ∂ α u β were considered (i.e., gradients of thermodynamic quantities are small). For a two-dimensional magnon gas with quadratic dispersion and collision rate of the form 1/τ k ∝ k 2 (i.e., only considering exchange coupling), the relaxation time yields that dissipation is dominated by viscocity µ(T, z) = π 2
Tγ(z) , while κ n = κ θ are second order effects compared to µ. In particular, κ n and κ θ are dominated by deviations to quadratic dispersion and/or finite scattering at low scattering, e.g. dipolar interactions.
D. TRANSVERSE SPIN FLUCTUATIONS
The spectral weight of the correlator
] is concentrated at the magnon frequency ω k = ∆ + ε k and is associated to the production of a single magnon. Off-resonant processes, however, give rise to a finite contribution to χ −+ (k, ω) even below the magnon gap, see Fig.S2(a) . As such, we estimate the contribution of such processes in the noise spectrum and show that they give a small contribution to χ +− compare to that of the sound mode. With this objective in mind, we calculate the leading order contribution of the imaginary part of the magnon self-energy Σ(k, ω), and approximate the correlation function as where energy shifts to the single magnon dispersion are neglected. From the effective interaction in Eq. (5) of the main text, this is given by the second order process depicted in Fig.S2(b) . In terms of Matsubara frequencies, it can be written as
The retarded correlator is obtained by analytical continuatio iω n → ω + i and taking the imaginary part of the resulting expression:
where we denoteñ p = n(ε k + ω). A similar analysis follows for the correlator χ +− (ω) ≈ δ(ω + ω k ). Dimensional analysis in the limit ω T yields Σ scaling as Σ(k, ω) = T ω J (ka) 2 .
E. MEASUREMENT OF MAGNON SOUND MODES
We consider a spin-1/2 qubit with an intrinsic level splitting ω q placed a distance d above the magnetic insulator. The dynamics of the qubit and the ferromagnet is governed by the HamiltonianĤ =Ĥ F +Ĥ F−q +Ĥ q . Here H F is the Hamiltonian of the ferromagnet, see main text. The termĤ q is the qubit Hamiltonian given byĤ q = 1 2 ωn q · σ, where n q is the intrinsic polarizing field of the spin probe. For instance, in the case of NV centers in diamons, n q is the axis of the NV defect in the diamond lattice. Finally, the termĤ F−q is the qubit-ferromagnet coupling, given by
where B is the magnetic field at the position of the probe induced by dipolar interactions with the 2D ferromagnet, and r j = (x j , y j , −d) is the relative position between the i-th spin in the 2D lattice and probe. In thermal equilibrium, the 2D ferromagnet is described by the density matrix ρ F = n e −εn/kBT |n n|, where |n are the eigenstates of the ferromagnet. The absorption rate, 1/T 1,abs , and emission rate, 1/T 1,em , is obtained from Fermi Golden's rule using the initial state |i = |− ⊗ ρ F and |i = |+ ⊗ ρ F , respectively:
Here B α nm denotes n|B α |m , and ε mn is the energy difference between states m and n, ε mn = ε m −ε n . The relaxation rate is defined as 1/T 1 = 1 2 [1/T abs + T em ]. More compactly, 1/T 1 can be expressed as 1
For computation it is more convenient to express 1/T 1 in terms of retarded correlation functions. In this direction, the fluctuation-dissipation theorem reads
where 
Using the continuum approximation to approximate j → 
(S41) In the last step, we can use the residue theorem to express
−kd , where for kd > 0 we use a contour of integration in the upper-half complex plane. As a result, we obtain Finally, for the third term in the right-hand side of Eq.(S40), we find
Repeating the same procedure forB y andB z , and generalizing our results for a generic k = (k x , k y ), we obtain
The B 
Using Eq.(S45) in Eq.(S38), the spin qubit relaxation time is given by
where we denote χ
F. EFFECT OF DIPOLAR INTERACTIONS
Dipolar interactions, which can be sizable in a two-dimensional ferromagnet, introduce a variety of effects that need to be carefully taken into account. For instance, they add a gap to the excitation spectrum, modify the collision term by adding hard-core repulsion, and induce magnon leakage via three body interactions. We incorporate dipolar interactions via the termĤ 
Similarly, forĤ xz we find 
where, in the last step, we used Eq.(S56). The termĤ xx introduces coherent creation/destruction of two magnons. The termĤ xy also introduces similar two-magnon processes as those inĤ xx , 
where the first term in the third equality is zero because τ τ x τ y /τ 5 = 0, thus giving only a cubic term. The cubic term, however, has matrix elements O(q 2 ) smaller than those corresponing toĤ xz because of the factors τ x τ y . As a result, we neglect the matrix elements introduced byĤ yz when compared to those inĤ xz .
The Zeeman splitting termĤ x and the dipolar termĤ xz both generate terms which are linear inŜ 
As a result, we conveniently define θ such that the linear term is cancelled. This leads to
Therefore, in this case, the termsĤ
lead to a cubic interaction term only. In the same spirit, combiningĤ z from Zeeman splitting andĤ zz from dipolar interaction, we find 
As a result, the combination of H z and H zz gives rise to a magnon gap induced by Zeeman splitting and dipolar interactions, and a quartic interaction induced by dipolar interactions.
